New non-linear equations and modular form expansion for double-elliptic Seiberg–Witten prepotential by unknown
Eur. Phys. J. C (2016) 76:433
DOI 10.1140/epjc/s10052-016-4267-6
Regular Article - Theoretical Physics
New non-linear equations and modular form expansion
for double-elliptic Seiberg–Witten prepotential
G. Aminov1,2,a, A. Mironov1,3,4,5,b, A. Morozov1,4,5,c
1 ITEP, Moscow 117218, Russia
2 Moscow Institute of Physics and Technology, Dolgoprudny 141700, Russia
3 Lebedev Physics Institute, Moscow 119991, Russia
4 National Research Nuclear University MEPhI, Moscow 115409, Russia
5 Institute for Information Transmission Problems, Moscow 127994, Russia
Received: 23 June 2016 / Accepted: 13 July 2016 / Published online: 2 August 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com
Abstract Integrable N -particle systems have an impor-
tant property that the associated Seiberg–Witten prepoten-
tials satisfy the WDVV equations. However, this does not
apply to the most interesting class of elliptic and double-
elliptic systems. Studying the commutativity conjecture for
theta functions on the families of associated spectral curves,
we derive some other non-linear equations for the pertur-
bative Seiberg–Witten prepotential, which turn out to have
exactly the double-elliptic system as their generic solution.
In contrast with the WDVV equations, the new equations
acquire non-perturbative corrections which are straightfor-
wardly deducible from the commutativity conditions. We
obtain such corrections in the first non-trivial case of N = 3
and describe the structure of non-perturbative solutions as
expansions in powers of the flat moduli with coefficients that
are (quasi)modular forms of the elliptic parameter.
1 Introduction
Seiberg–Witten (SW) theory [1,2] is a foundation of many
branches of modern theory. It is a quasiclassical limit with
respect to the peculiar -variables of Nekrasov theory, which,
on one side, is AGT related to the two-dimensional confor-
mal theory, Chern–Simons and knot theories, and, on another
side, is linked to a combinatorics of 3d partitions, tropical
geometry of Calabi–Yau spaces, refined topological vertices,
all these being described in terms of various matrix models
and β-ensemble. Remarkably, Seiberg–Witten theory per se
is just equivalent to the theory of integrable N -particle sys-
tems [3], thus all the above subjects should and do possess
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an interpretation in basic terms of group theory. This equiva-
lence, however, implies and requires an extension of the well-
known set of integrable models of the Calogero–Ruijsenaars
type to include their duals [4–8] and, most important, the self-
dual double-elliptic integrable system, of which just the very
initial facts are already known [7,9–12]. (There is another
approach based on spectral dualities [13–18], for the last
important development in this direction, also relevant for the
double-elliptic case; see [19].)
Seiberg–Witten theory interprets the eigenvalues of Lax
operator as a 1-form on the spectral curve and treats inte-
grals along the A-cycles as flat moduli aI , while those
along the B-cycles as the gradient ∂F/∂aI of a function
F(a) known as Seiberg–Witten prepotential. Such a descrip-
tion is possible due to symmetricity of the period matrix
TI J = ∂2F/∂aI ∂aJ . From the point of view of Riemann sur-
faces, the procedure works only for some peculiar Seiberg–
Witten families, namely, for those that are families of the
spectral curves of integrable systems. It is natural to ask for a
more straightforward definition in terms of the period matrix,
not referring to the subtle question of enumerating integrable
systems. At least, one could ask for some equation distin-
guishing the relevant functions F (a). An attempt of this
kind was made in [20–24], where it was shown that many
SW prepotentials satisfy the “generalized” WDVV equations
[25,26] (these should not be mixed with the ones studied in
[27]: essential for SW theory is absence of a distinguished
modulus providing a constant metric). The problem, how-
ever, was that “many” did not mean “all”: the most inter-
esting elliptic systems (associated with the UV-finite SUSY
theories) did not fit into this class (see also [28]). Since then,
the question of “an exhaustive equation” for the prepotentials
remains open.
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In this paper, we make a considerable step toward resolv-
ing this longstanding problem: we suggest an equation for the
perturbative prepotential, which is also non-linear, involve
the third derivatives of the prepotential, but different from the
generalized WDVV equation, and which turns out to have the
most general double-elliptic system as its generic solution.
We also demonstrate how the non-perturbative corrections
are systematically built from this solution, but do not pro-
vide a complete description of the equation for the full non-
perturbative prepotential. Also our very concrete formulas
below are limited to the first essentially non-trivial example
of N = 3 (three particles).
We obtain the equation by studying the conjecture of [7]
that the Poisson-commuting Hamiltonians can be made from
theta functions on the SW families of Riemann surfaces, with
the Jacobian points zI and flat moduli aI playing the role of
conjugate variables. Since moduli appear in the theta func-
tions only through the period matrix TI J , the involution con-




















These conditions can be simplified by rewriting them as z-
independent relations, which was done in [12], and the result





C αi jk = 0, α ∈ Zg/3Zg, (1.2)
where C αi jk are the theta constants of genus g defined in (2.7)
and g = N . We already discussed some simple properties
of (1.2) in [12], but now we show that these equations can
be used to calculate the Seiberg–Witten prepotentials includ-
ing their instanton corrections. In this sense, we propose the
equations that follow from the integrability of SW theory. We
present the calculations for the three-particle (N = 3) ellip-
tic integrable systems associated with the low-energy limit of
N = 2 SUSY gauge theories with adjoint matter hypermulti-
plets, the presentation being performed in the form allowing
an immediate extension to an arbitrary number of particles
N . These systems are: the elliptic Calogero–Moser system
[29–32], which is related to the 4d theory [33–35], the elliptic
Ruijsenaars system [4,36], which is related to the 5d theory
with one compactified Kaluza–Klein dimension [37], and the
double-elliptic integrable system related to the 6d theory with
two compactified Kaluza–Klein dimensions [7,9,10,38].
We demonstrate that the non-perturbative prepotential is
a series in flat moduli with the coefficients being modular
forms. This fact is in a complete agreement with modular
properties of the spectral curves of the corresponding inte-
grable systems, and part of the behavior (the dependence
on the quasimodular form E2) is described by the modular
anomaly equation [39] in the Calogero and the Ruijsenaars
cases. In the double-elliptic case, it is more involved and will
be discussed elsewhere [40].
2 Involutivity conditions
In this section, we recall the involutivity conditions obtained
previously in [11,12]. The N -particle Hamiltonians for the
systems under consideration were constructed in [7,9] and




0 . . . 0
a




(z | T )
θ (z | T ) , a = 1 . . . N − 1, (2.1)
where we use the Riemann theta function1 of genus g = N
with the N × N period matrix T of the corresponding
Seiberg–Witten curve. This matrix is given by the prepo-
tential F and is a function of just N flat moduli ai :




In previous work, the special property of the elliptic Calogero
spectral curve was used to reduce the genus of the theta func-
tions in (2.1) to N − 1. Here we introduce the genus N theta
functions to obtain the equations for the prepotential. Also,
the non-reduced form (2.1) allows one to study some other
spectral curves, for example, corresponding to the theories
with matter in the fundamental representation.
The Poisson commutativity of the Hamiltonians
{Ha, Hb} = 0 (2.3)





dzi ∧ dai . (2.4)
Since (2.2) should be valid for arbitrary values of z, one can
rewrite the involutivity conditions as a system of equations
depending on the period matrix and its derivatives only. In
[12], this was done with the help of the standard basis in the
linear space of weight 3 theta functions:
1 The Riemann theta function with characteristics a, b ∈ Q and g × g











ıπ(n + a)t T (n+a) + 2ıπ(n+ a) · (z+b))
where a, b, and n are g-dimensional vectors.
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θ
[ α/3
(a + b)/N . . . (a + b)/N
]
(3z | 3T ) , 0 ≤ αi < 3.
(2.5)
The result is the following set of z-independent relations
equivalent to the commutativity conditions (2.3):





C αi jk = 0, (2.6)
where







a/N . . . a/N
]




(2b − a) /N . . . (2b − a) /N
]
(0 | 6T )
− θ ′′′i jk
[ β−α
2
a/N . . . a/N
]




(2b−a) /N . . . (2b−a) /N
]
(0 | 6T )
)
. (2.7)
The theta constants (2.7) have the following Fourier expan-
sion:
C αi jk = 4 (π ı)3 exp
(












































|α − m − n, m, n|i jk
(2.8)
with
|n, m, l|i jk =
∣∣∣∣∣∣
1 ni n j nk
1 mi m jmk
1 li l j lk
∣∣∣∣∣∣
. (2.9)






) = 1 are trivial. The non-trivial relations can




















1/3 · · · 1/3
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1 · · · 1
]
(0 | 6T ) . (2.11)
3 Equations for the perturbative Seiberg–Witten
prepotential
The Seiberg–Witten prepotentials are usually presented as a
sum of free parts: the classical, perturbative and instanton
ones
F = Fclass + Fpert + F inst. (3.1)
We consider the special class of elliptic integrable systems
associated with the low-energy limit of N = 2 SUSY gauge
theories with adjoint matter hypermultiplet. In this class of













ai + Fpert +
∑
k∈N
qk F (k), (3.2)
where m is the mass of the hypermultiplet, q = exp (2π ı τ)
and the elliptic parameter τ is related to the gauge coupling e






Another important property of the systems under considera-
tion is the following condition on the period matrix Ti j :






Ti j = τ, (3.4)
which means that the perturbative part Fpert and the instanton
corrections F (k) depend only on the differences (ai − a j
)
of
the flat moduli ai instead of the moduli themselves.
Now the involutivity conditions (2.6) can be considered
as non-linear equations on the prepotential in the form (3.2).
These equations depend on the second and the third partial
derivatives of the prepotential with respect to the moduli ai :






















Since the theta constantsC αi jk from the involutivity conditions
are exponentials of the period matrix (3.5), one gets a proper
series expansion of (2.6) in powers of q. The equations on
the perturbative prepotential Fpert arise in the first non-zero
order of this expansion.
In this section, we present equations for the perturbative
Seiberg–Witten prepotential obtained from the involutivity
conditions (2.6) with different vectors α ∈ ZN/3ZN . The
expansion of C αi jk in powers of q can be derived with the
help of the Fourier series (2.8). For α = 0, one has in the first
non-zero order
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i Fpert∂3i Fpert = 0, (3.7)
where ∂i = ∂/∂ai . Next, we consider the equations corre-
sponding to the vectors α with two non-zero coordinates αi ,
α j , i = j :
αi = 1, α j = 2, ∀n = i, j : αn = 0. (3.8)
The first non-zero order in q reads







The vectors α with three non-zero coordinates αi , α j , αk ,
i = j = k
αi = 1, α j = 1, αk = 1, ∀n = i, j, k : αn = 0
(3.10)




i jFpert + e∂2ikFpert + e∂2jkFpert
) ∂3Fpert
∂ai∂a j∂ak

























The equations for other non-zero vectors α different from
(3.8) and (3.10) are more complicated, so we do not write
them down explicitly. However, the whole system of equa-
tions (2.6) along with condition (3.4) provides the following
set of equations:




which were proven for N = 3, 4, 5.
Since the Seiberg–Witten prepotentials are invariant under
any permutation of the flat moduli ai , solutions to the
Eqs. (3.9) and (3.12) are described by the following class
of perturbative prepotentials:
i = j : ∂
2
∂ai∂a j













where f (x) is an even function. In the known cases of elliptic
integrable systems, this function reduces to x2 for the elliptic
Calogero–Moser system, to sinh (x)2 for the elliptic Ruijse-
naars system and to sn
(
x | τˆ )2 for the double-elliptic system.
Now, using Eqs. (3.7) and (3.11), one can define the most
general form of the function f (x). Here we would like to
point out that our considerations are restricted by the strong










If one drops the condition (3.4), the diagonal elements of
the period matrix become independent of the non-diagonal
ones and Eq. (3.7) turns out to be essentially different from
Eq. (3.11). This case could correspond to the theories with
matter in the fundamental representation.
Introducing the notation
F (0)i j = e−2π ı ∂
2




ai − a j
) ,








ai − a j
)
)
, i = j, (3.15)
we rewrite Eq. (3.7) in the rational form. For the first non-
trivial cases of three and four particles, one has
N = 3 : F (0)13 F (0)12|1 + F (0)23 F (0)12|2 + F (0)12 F (0)13|1
+ F (0)23 F (0)13|3 + F (0)12 F (0)23|2 + F (0)13 F (0)23|3 = 0, (3.16)
N = 4 : F (0)13 F (0)14 F (0)12|1 + F (0)23 F (0)24 F (0)12|2 + F (0)12 F (0)14 F (0)13|1
+ F (0)23 F (0)34 F (0)13|3 + F (0)12 F (0)13 F (0)14|1 + F (0)24 F (0)34 F (0)14|4
+ F (0)12 F (0)24 F (0)23|2 + F (0)13 F (0)34 F (0)23|3 + F (0)12 F (0)23 F (0)24|2
+ F (0)14 F (0)34 F (0)24|4 + F (0)13 F (0)23 F (0)34|3 + F (0)14 F (0)24 F (0)34|4
= 0. (3.17)




eˆn−1 x2n . (3.18)
Besides the trivial solution f (x) = const, the both equations,
(3.16) and (3.17) admit the following series solution:




where the coefficient e0 is rescaled with the help of mass
parameterm in (3.15). Substituting (3.18) in (3.16) and (3.17)
and solving each equation with respect to the coefficients en ,




























. . . (3.22)
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and so on (see Appendix A). The same formulas are valid for
Eq. (3.11). The most general function satisfying the recur-
rence relations (A.2)–(A.8) is
f (x) = sn
(
β x | τˆ)2









β x | τˆ)2
, (3.23)
where the first parameter β−1 corresponds to the first period
ωˆ1 of another, second torus with the elliptic parameter τˆ =
ωˆ2/ωˆ1. The second parameter γ corresponds to the simple
shift in the classical prepotential Fclass and the rescaling of
the mass m, which can be seen from expression (3.13) for
the perturbative prepotential. As a result, there is one essen-
tial parameter τˆ corresponding to the elliptic parameter of
the second torus in the double-elliptic system. Finally, we
present the most general solution (with respect to the second
partial derivatives) to Eqs. (3.7), (3.9), (3.11), and (3.12) with
property (3.4):
i = j : ∂
2
∂ai ∂a j























4 Non-perturbative corrections for N = 3
In this section, we describe the method of constructing non-
perturbative solutions of (2.6), which is based on the series
expansion in powers of q. As we mentioned earlier, the first
non-zero order in q depends only on the perturbative part of
the prepotential; the second non-zero order incorporates the
perturbative part and the first instanton correction and so on.
We start with the leading, perturbative order of (2.6). For
N = 3, there are 5 different equations corresponding to dif-
ferent vectors α ∈ Z3/3Z3:





i Fpert∂3i Fpert = 0, (4.1)

























where the last equation was simplified with the help of (3.4).
Expanding (2.6) up to the second non-zero order in q,
one gets non-perturbative corrections to the above equations.
The resulting equations depend on the perturbative part of
the prepotential Fpert and on the first instanton correction
F (1). We use the relations obtained in the perturbative order
and the notation F (0)i j from (3.15) to simplify the first non-




F (0)12 − F (0)23
) (
F (0)13 − F (0)23
) (
F (0)12 + F (0)13 + F (0)23
)


















F (0)12 − F (0)23
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F (0)12 − F (0)23
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F (0)12 − F (0)23
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F (0)12 − F (0)23
) (












One can calculate further non-perturbative equations up to
any given order in q. In each consequent order, new instanton
corrections F (k) arise. We performed these calculations up
to the 8th non-zero order in the expansion of (2.6), which
provides equations for the first 7 instanton corrections.
Now we describe some simple methods to obtain solutions
of (2.6). Having the general solution (3.24) for the perturba-
tive prepotential, we substitute it into equations (4.6)–(4.10)
for the first instanton correction. First of all, these equations
define the pole structure of the correction F (1). Since func-
tions F (0)i j and the third derivatives of the perturbative pre-
potential Fpert exhibit poles only at ai = a j , i = j , the
same is true for the first instanton correction. We note that
the orders of poles are also restricted by the equations. The
pole structure of the higher instanton corrections is defined in
the same way by the preceding instanton corrections and the
perturbative prepotential. Another important property is that
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the instanton part of the prepotential is a symmetric function
of the differences
(
ai − a j
)
. This property can be derived
from Eq. (2.6) and the condition (3.4), we consider it as a
natural ansatz.
To make use of these general considerations, we start with
the elliptic Calogero–Moser system. In this case, the prepo-
tential FCM depends on two parameters: the elliptic modular




kF (k). Each instanton correction
F (k) can be further decomposed as a series into powers of
the second parameter m. This latter decomposition is also
specified by Eq. (2.6) in each non-zero order in q. To make









− 2FCM = 0. (4.11)
The calculations begin with Eqs. (4.6)–(4.10), where we use
the perturbative prepotential corresponding to the elliptic
Calogero–Moser system. Decomposing this equations into
powers of m and taking into the account the orders of poles
at the points ai = a j , i = j , one gets a finite number of
terms that could enter in the first instanton correction. In each
term of a given degree of m (and a given pole structure), the
dependence on the flat moduli ai is fixed by the homogeneity
relation (4.11) and by the symmetric properties of the prepo-
tential. Introducing a linear combination of these terms with
undetermined coefficients c..., we rewrite (4.6)–(4.10) as a
system of linear equations on the coefficients. Moving on to
the next instanton corrections, we apply the same method of
undetermined coefficients. Similar methods can be applied
for the elliptic Ruijsenaars system and the double-elliptic
system, which we discuss in Sects. 6 and 7.
5 Elliptic Calogero–Moser system and 4d prepotential
In the case of the elliptic Calogero–Moser system, the first
two instanton corrections were computed in [41] with the
help of the spectral curve
det (L (z) − k I ) = 0, (5.1)
of the Seiberg–Witten differential dλ = k dz and of a renor-











where the right hand side coincides with the second order
Hamiltonian of the Calogero–Moser system [29–31,41] up





















We compute first 4 instanton corrections using the curve (5.1)
in Appendix B. In this section, we use Eq. (2.6) to define the
structure of the instanton part of the 4d prepotential.
5.1 Instanton expansion
For the elliptic Calogero–Moser system, the perturbative part






ai − a j + m
)2 log
(
ai − a j + m
)2
− (ai − a j
)2 log
(
ai − a j
)2)
. (5.4)
Using this expression and Eq. (2.6), one can calculate the
instanton corrections to the prepotential FCM as it was
described in Sect. 4. Introducing the new variables





2 j + (a12)2i (a23)2 j
+ (a13)2i (a23)2 j + (i ↔ j)
)
,
t (a) = (a12)2 (a13)2 (a23)2 (5.5)
with the notation ai j =
(
ai − a j
)
, we get the following





















and the coefficients cn,i, j,l are rational.
Equation (2.6) allow one to compute the coefficients
cn,i, j,l up to any finite instanton order. We computed the
first 7 instanton corrections and the results suggest that the
functions cn,i, j (τ ) are quasimodular forms of level 1 and of
weight 6n−2i −2 j up to some constant shifts (coming from
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and so on. This fact is in a perfect agreement with the mod-
ular properties of the curve (5.1), which we discuss below in
Sect. 5.2.
Since the quasimodular forms of level 1 form a polyno-
mial ring over the complex numbers in three generators (the
Eisenstein series) [42]:




1 − qn , (5.9)




1 − qn , (5.10)




1 − qn , (5.11)
computing the coefficients cn,i, j,l up to any finite instanton
order allows one to obtain exact expressions for the functions
cn,i, j (τ ) with small enough weights. In particular, the first
7 instanton corrections allow one to determine the functions




6 c100 c221 c333
8 c202 c332 c444
10 c201 c331 c443 c555
12 c200 c303 c442 c554 c666
14 c302 c441 c553 c665 c777
(5.12)
and the results are presented in Appendix C.
5.2 Modular properties
The spectral curve of the elliptic Calogero–Moser system
(5.1) is given by the Lax matrix
Li j = piδi j − m
(
1 − δi j
) σ
(

























The curve is invariant under the modular transformations
τ → −1
τ
and τ → τ + 1 (5.15)
of the elliptic parameter τ = ω2/ω1.












Since under the transformation τ → −1/τ the cycles Ai and
Bi interchange:
Ai
τ→−1/τ−−−−−→ Bi , Bi τ→−1/τ−−−−−→ −Ai , (5.17)
the same do the moduli
ai
τ→−1/τ−−−−−→ aDi , aDi
τ→−1/τ−−−−−→ −ai . (5.18)






















TCM (a, m, τ )
)−1
. (5.21)
The second modular transformation from (5.15) gives
TCMi j (a, m, τ + 1) = TCMi j (a, m, τ ) + δi j . (5.22)
The modular properties considered above were used by
Minahan, Nemeschansky and Warner (MNW) [39] to derive













However, Eqs. (5.21) and (5.23) only describe dependence
of the functions cn,i, j (τ ) from (5.6) on the quasimodular
form E2. To obtain the exact expressions like (5.8), one needs
to use some additional information.
6 Elliptic Ruijsenaars system and 5d prepotential
The spectral curve of the elliptic Ruijsenaars system [43] can






















(k − ki )
)
. (6.2)
According to [43,44], this curve corresponds to the five-
dimensional theory. In the limit β → 0, one gets the
spectral curve of the elliptic Calogero–Moser system with
H (k) = ∏Ni=1 (k − ki ). In principle, the curve (6.1) could
be used to calculate the 5d prepotential, as it was done [41]
in the case of the 4d prepotential and the spectral curve (5.1).
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The resulting prepotential would depend on the three param-
eters τ , m, and β.
6.1 Instanton expansion
As earlier, for finding the non-perturbative corrections to the
prepotential, we start with the perturbative part
i = j : ∂
2
∂ai∂a j























and use Eqs. (4.6)–(4.10) to define the first instanton cor-
rection. These equations can be decomposed in powers of
m (with a finite number of terms in the decomposition) and
solved order by order. After solving the equations for some
first orders in m, we introduce the following ansatz: the







ai − a j
))}
. This allows one to use the same
method of undetermined coefficients, as in the 4d case. The
only difference is that the homogeneity equation (4.11) does
not work for the 5d prepotential and the undetermined coef-
ficients c... acquire the series expansion in powers of m. We
probed this ansatz in the first 7 instanton corrections and
calculated the corresponding coefficients.
To present the results, we introduce the following func-
tions:




2i sinh (β a13)
2 j
+ sinh (β a12)2i sinh (β a23)2 j
+ sinh (β a13)2i sinh (β a23)2 j + (i ↔ j)
)
,
t˜ (a, β) = sinh (β a12)2 sinh (β a13)2 sinh (β a23)2 . (6.4)
















where the functions cn,i, j (m, τ ) admit the series expansion





m2k cn,i, j,k,l q
l (6.6)
with rational coefficients cn,i, j,k,l . The summation over
indices i and j in (6.5) is taken specifically to avoid uncer-
tainties related to the identities like
s02 − 2 s11 = 2 t, (6.7)
s03 − 2 s12 − 4 t s01 = 3 t, (6.8)
2 s22 − 2 s13 + 4 t s11 + 3 t s01 = 0 (6.9)
and similar ones for other functions si j .
The coefficients in the expansions (6.6) are connected with
the ring of quasimodular forms of level 1 in the following
way. Consider functions of the elliptic parameter τ






cn,i, j (m, τ ) =
+∞∑
k=0
m2k cn,i, j,k (τ ) . (6.11)
Then cn,i, j,0 (τ ) coincide with the 4d functions cn,i, j (τ ):
c(5d)n,i, j,0 (τ ) = c(4d)n,i, j (τ ) . (6.12)
Other functions cn,i, j,k (τ ) with k > 0 are linear combina-
tions of the quasimodular forms with different weights that
are not greater than 6n − 2i − 2 j + 2k (up to some constant
shifts):






(−5 E2 + E4) , (6.13)








25 E32 − 33 E2 E4 + 8 E6
)
, (6.14)














The peculiar properties of cn,i, j,k (τ ) described above are
due to the non-canonical choice of the parameters in the 5d
prepotential. The parameter m is natural for the non-linear
equations under consideration, since in each finite order in
q the equations have finite expansions in powers of m. In
Seiberg–Witten theory [24], the natural choice of the param-
eters is different: the three parameters are τ , β, and . Com-
paring the second partial derivative of the perturbative 5d
prepotential in the form (6.3) and the results from [24], we
establish the connection between the parameters m and  as
m = sinh () . (6.16)
Now, one can rewrite the whole 5d prepotential as a series in
:
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c˜n,i, j (, τ ) =
+∞∑
k=0
2k c˜n,i, j,k (τ ) (6.18)
and the functions c˜n,i, j,k (τ ) are proper quasimodular forms










25 E32 − 33 E2 E4 + 8 E6
)
, (6.20)
c˜2221 = − 1
45 360
(
245 E32 + 42 E2 E4 − 17 E6
)
. (6.21)
Using the same method of obtaining exact expressions as in
the 4d case, we determine the functions c˜n,i, j,k (τ ), k > 0
up to weight 14 in Appendix D.
6.2 Modular properties
The spectral curve of the elliptic Ruijsenaars system [43] is
invariant under the transformations
τ → −1
τ
,  → 
τ
, β → β
τ
and τ → τ + 1. (6.22)
The definitions of the flat moduli ai and their duals aDi are
exactly the same as in the 4d case (5.16). This provides us


















TRSi j (a, , β, τ + 1) = TRSi j (a, , β, τ ) + δi j (6.24)













Equations (6.23) and (6.25) describe dependence of the func-
tions c˜n,i, j,k (τ ) from (6.17) on the quasimodular form E2.
7 Double-elliptic system and 6d prepotential
The double-elliptic system corresponds to the most general
solution of Eq. (2.6) with the property (3.4). As it was estab-
lished in Sect. 3, the most general perturbative solution of
(2.6) is
i = j : ∂
2
∂ai∂a j











































We compute the instanton part of the 6d prepoten-
tial by solving the non-perturbative equations arising in
the expansion of (2.6) in powers of q. The most general





ai − a j
) | τˆ)} and, in the first non-trivial case of three
particles, the instanton part of the 6d prepotential can be writ-






































The method of undetermined coefficients described in Sect. 4
works for the double-elliptic system with slight modifica-
tions: the undetermined coefficients c... acquire the series
expansion in powers of m and the new parameter qˆ (which is
associated with the Kaluza–Klein compactification torus in








This allows us to write the instanton part of the prepotential





































433 Page 10 of 19 Eur. Phys. J. C (2016) 76 :433
with rational coefficients cˆn,i, j,k,s,l and the following nota-
tion:
maxk = min [3l + i + j − 3n − 1, 4l − 2n − 2] ,
maxs = min[k, 2l − n − 1]. (7.6)
However, the latter formulas do not fully describe summation
over the indices k and s, since at higher orders in q some
coefficients cˆn,i, j,k,s,l are systematically vanish.
We calculated first 6 instanton corrections in the form
(7.4) and the coefficients in the corresponding expansions





with the ring of quasimodular forms. As in the
5d case, the connection is more transparent with the proper
choice of the mass parameter. In the 6d case, the natural mass
parameter  is related to the parameter m in the following
way:
m = sn (| τˆ) . (7.7)







































































2k qˆs Cn,i, j,k,s (τ ) . (7.10)
Using the computed coefficients in the expansions (7.5),






C1110 = − E2
12
, C1111 = 1 + qˆ
360
(
5 E22 − E4
)
, (7.11)























C1011 = − 1 + qˆ
12 960
(
25 E32 − 33E2 E4 + 8 E6
)
, (7.13)
C2220 = − 1
360
(
5 E22 + E4
)
,
C2221 = 1 + qˆ
45 360
(
245 E32 + 42E2 E4 − 17 E6
)
, (7.14)
and so on. Clearly, there is no point in writing down all
the terms in the series (7.10), since some of the functions
Cn,i, j,k,s (τ ) coincide with the 5d functions c˜n,i, j,k (τ ).
First of all, the degeneration of the 6d prepotential to the
5d one provides us with the following relations:
Cn,i, j,k,0 (τ ) = (−1)k c˜(5d)n,i, j,k (τ ) (7.15)
and the results for c˜n,i, j,k (τ ) can be found in Appendix D.
Another simple set of relations is given by direct computation
of the functions Cn,i, j,k,k (τ ) up to weight 12:
Cn,i, j,k,k (τ ) = Cn,i, j,k,0 (τ ) = (−1)k c˜(5d)n,i, j,k (τ ) . (7.16)
Thus, the only new functions arising in the 6d prepotential
compared to the 5d one are Cn,i, j,k,s (τ ) with 0 < s < k.
The first example of such a function is C11121 (τ ), and it is
written down in (7.12) as










In general, the functions Cn,i, j,2,1 (τ ) have the following
form:




Cn,i, j,0,0 (τ )
+
(
quasimodular form of weight
6n − 2i − 2 j + 4
)
. (7.18)
As we have seen in the 5d case, combinations of quasimod-
ular forms with different weights appear, when some of the
parameters in the prepotential are not appropriately chosen.
The form of the functions Cn,i, j,2,1 (τ ) imply that the param-
eter τ in the 6d prepotential (7.8) should be shifted by some
function of  and τˆ :
τ = τ ′ − 1
4π ı





Computing the exact expressions for other functions
Cn,i, j,k,s (τ ) with k > 2, 0 < s < k, we determine the
shift of the parameter τ as
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Finally, we obtain the proper set of parameters for the 6d pre-
potential, which is , β, τ ′, and τˆ . Then the series expansion






















































6n−2in−2 j Ĉn,in, j
(























are the quasimodular forms
of weight 6n−2i −2 j +2k. The first 6 instanton corrections





to weight 12. Since the change of the parameter τ does not




) = Ĉn,i, j,k,0
(
τ ′











with 0 < s < k, which is done in Appendix E.
8 Conclusion
We proposed new non-linear equations that allow one to
effectively describe the instanton expansions for the Seiberg–
Witten prepotentials associated with the N = 3 elliptic
Calogero–Moser system (4d case), the N = 3 elliptic Rui-
jsenaars system (5d case) and the N = 3 double-elliptic
integrable system (6d case). All the instanton expansions
can be written in a universal manner as expansions in powers
of flat moduli (including the adjoint matter hypermultiplet
mass) with coefficients that are quasimodular forms of the
elliptic parameter. Although the results are given for the first
non-trivial case of N = 3, the generalization to the case
of N > 3 is straightforward. To obtain the instanton expan-
sions for the general case with N > 3, one should replace the
N = 3 functions si j (a), t (a) (5.5), (6.4), (7.2) by other sets
of functions si1i2...in (a), t (a) depending on all differences(
ai − a j
)
, i, j = 1, . . . , N .
An interesting problem is to describe the modular prop-
erties of the 6d spectral curve corresponding to the double-
elliptic system. The quasimodular properties of the coeffi-
cients in the expansion (7.21) of the 6d prepotential suggest
that, similar to the 4d and 5d cases (Eqs. (5.23) and (6.25)
respectively), there exists a 6d modular anomaly equation.
We are going to address this problem elsewhere [40].
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A Recurrence relations for the coefficients en
In this appendix, we present recurrence relations for the coef-
ficients in the series expansion
f (x) = x2 +
∞∑
n=2
en−1 x2n . (A.1)







































































































































































































































B Instanton corrections from the spectral curve (5.1)
This appendix is based on Ref. [41] by D’Hoker and Phong,
where the first and the second instanton corrections were
calculated. We calculate here the first 4 instanton corrections
with the help of the spectral curve (5.1).
The spectral curve of the elliptic Calogero–Moser system
can be rewritten in the form
∑
n∈Z





(k − ki ) (B.2)
and ki are classical order parameters in Seiberg–Witten the-
ory.
Introducing the new variable y:
ez = y H(k)
H(k − m) , (B.3)
we get the following equation for the curve:

































ai − a j
)2 log
(
ai − a j
)2 − (ai − a j + m
)2





The simplest way to calculate the instanton corrections


















ki (a)2 + const,
(B.8)
where the integration contours are taken around the cuts
(including the points ki ) on the corresponding sheets. The
differentials can be rewritten as:
kdz = kd log
(
H (k)
H (k − m)
)
− log (y) dk
+ d (k log (y)) , (B.9)
k2dz = k2d log
(
H (k)
H (k − m)
)





Since one can choose the integration contours located at a
finite fixed distance from the points ki , the functions ηn in
the integrand remain finite as q → 0, and Eq. (B.4) can be
used. The instanton corrections are calculated by the residue
methods only [41], and the answer depends on the functions
Sn,i (k) and Pn,i (k):
ηn (k, 1) = 1
(k − ki )n+1
Sn,i (k) ,
ηn (k − m,−1) = (k − ki )n Pn,i (k) , (B.11)




Pn,i (k) = Hi (k)
n H (k − m (n + 1))





(k − k j ). (B.13)
Computing log (y) up to the fourth order in q, one gets
123
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35η41,−1 + 16η1,1η2,1 + 16η31,1η1,−1 + 4η1,1η2,−1







where ηn,1 = ηn (k, 1) and ηn,−1 = ηn (k − m,−1). In the
first and the second orders, only the function η1,1 exhibits
poles at k = ki . Thus, in the first and the second instan-
ton orders, only the function S1,i (k) appears. In the third
and the fourth orders, both the functions Sn,i (k) and Pn,i (k)
contribute, but the second one appears in the following com-
binations only:
S1,i (k)
2 P1,i (k) = H (k + m)




3 P1,i (k) = H (k + m)




S2,i (k) P1,i (k) = H (k + 2m) H (k − 2m)
Hi (k)2
, (B.17)
which do not contain the “anomalous” poles at the points
k = ki + m. This means that the “anomalous” poles of the
functions Pn,i (k) cancel out in the expressions for all rel-
evant quantities. In particular, none of the functions ki (a)
in (B.8) contain “anomalous” poles, as well as the instanton
corrections (at least up to the fourth order).
Now we use (B.7) to calculate ai ’s:


























































Then, inverting the dependence in (B.19), we obtain the first
4 instanton corrections. Before writing them down, we would
like to notice that in the three-particle case (N = 3) all correc-
tions agree with the expansion (5.6). The explicit expressions
for the first 3 corrections are




S1,i (ai ) , (B.19)





S′1,i (ai )2 +
3
2




















2 (5S′′′′1,i (ai ) − 12 P ′1,i (ai )
)

















(−24P1,i (ai ) S′1,i (ai )







4S′1,i (ai ) S′1, j
(
a j






S′′1,i (ai ) + S′′1, j
(
a j













































where we insert ai ’s instead of ki ’s in all functions Sn,i (a)
and Pn,i (a). The expression for the fourth instanton correc-
tion is too long, so we just use Eq. (B.8) and compare the
result with (5.6).
C 4d functions cn,i, j (τ)
The functions listed in Eq. (5.12) are
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c100 = 125 920
(
−5E32 + 3E2E4 + 2E6
)
,
c221 = 12 160
(
5E32 − 3E2E4 − 2E6
)
, (C.3)




−175E32 − 84E2E4 − 11E6
)
, (C.4)
c202 = 1967 680
(
175E42 + 14E22 E4 − 85E24 − 104E2E6
)
(C.5)
c332 = 136 288
(
35E42 − 7E22 E4 − 10E24 − 18E2E6
)
, (C.6)








c201 = 11 451 520
(
175E52 − 14E32 E4 − 81E2E24
−136E22 E6 + 56E4E6
)
, (C.8)
c331 = 12 177 280
(
175E52 + 203E32 E4 − 174E2E24
−43E22 E6 − 161E4E6
)
, (C.9)
c443 = 177 760
(
35E52 + 7E32 E4 − 18E2E24
−17E22 E6 − 7E4E6
)
, (C.10)




5390E52 + 6160E32 E4


























































































































































































































































































































D 5d functions c˜n,i, j,k (τ), k > 0
The functions with weights not greater than 14 are
Weight Functions
4 c˜1111
6 c˜1112 c˜1011 c˜2221
8 c˜1113 c˜1012 c˜2222 c˜1001 c˜2211 c˜3331
10 c˜1114 c˜1013 c˜2223 c˜1002 c˜2212 c˜3332
12 c˜1115 c˜1014 c˜2224 c˜1003 c˜2213 c˜3333
14 c˜1116 c˜1015 c˜2225 c˜1004 c˜2214 c˜3334
10 c˜2021 c˜3321 c˜4441
12 c˜2022 c˜3322 c˜4442 c˜2011 c˜3311 c˜4431 c˜5551
14 c˜2023 c˜3323 c˜4443 c˜2012 c˜3312 c˜4432 c˜5552




−5 E22 + E4
)
, (D.2)
c˜1112 = 122 680
(
−35E32 + 21E2E4 − 4E6
)
(D.3)
c˜1011 = 112 960
(
25 E32 − 33 E2 E4 + 8 E6
)
, (D.4)
c˜2221 = − 145 360
(
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c˜2222 = 12721600
(























−385E52 + 770E32 E4











−3619E52 + 462E32 E4

















−15323E52 − 8316E32 E4














































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































, 0 < s < k








8 Ĉ11131 = Ĉ11132
10 Ĉ11141 = Ĉ11143, Ĉ11142
12 Ĉ11151 = Ĉ11154, Ĉ11152 = Ĉ11153
8 Ĉ10121 Ĉ22221
10 Ĉ10131 = Ĉ10132 Ĉ22231 = Ĉ22232
12 Ĉ10141 = Ĉ10143, Ĉ10142 Ĉ22241 = Ĉ22243, Ĉ22242
10 Ĉ10021 Ĉ22121 Ĉ33321
12 Ĉ10031 = Ĉ10032 Ĉ22131 = Ĉ22132 Ĉ33331 = Ĉ33332
12 Ĉ20221 Ĉ33221 Ĉ44421
(E.1)








Ĉ11131 = Ĉ11132 = 1
362 880
(





























−171325E52 − 133210E32 E4 − 5313E2E24
+95920E22 E6 − 10328E4E6
)
, (E.7)
Ĉ10131 = Ĉ10132 = 1
4354560
(
−3115E52 + 5502E32 E4
−507E2E24 − 2084E22 E6 + 204E4E6
)
, (E.8)
Ĉ22231 = Ĉ22232 = 1
239500800
(
295295E52 + 123970E32 E4






−1449E52 + 1064E32 E4 − 159E2E24






4718E52 − 3283E32 E4 + 297E2E24






−163933E52 − 114576E32 E4
−495E2E24 − 44E22 E6 + 840E4E6
)
, (E.12)
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